
Analysis Qualifying Exam –August 2025

Instructions: Do all 8 problems. Use a separate sheet for each problem. Your work will be graded for
correctness, completeness, and clarity.

1. Let E “ tH,Ru Y tp0, aq : a ą 0u, and let σpEq be the σ´algebra (on R) generated by E .

a. Prove, in this order, that σpEq contains the following intervals:

(i) ra, bq, a ą 0; (ii) pa, bq, a ě 0; (iii) pa,8q, a ě 0; (iv) p´8, 0s.

b. If Bp0,8q denotes the Borel σ-algebra on p0,8q, prove that Bp0,8q Ď σpEq.

c. Prove that
σpEq “

␣

A Y B : A P tH, p´8, 0s u, B P Bp0,8q

(

. (1)

2. Let pX,A, µq be a measure space.

a. Give the definition of convergence in measure for a sequence tfnu on the space pX,A, µq.

b. Assume µpXq ă 8 and define, for f : X Ñ R measurable

ρpfq “

ż

X

|f |

1 ` |f |
dµ.

Prove that the function pf, gq ÞÑ ρpf ´ gq is a metric on the space of measurable functions
on X (identifying functions that are equal a.e.). [Hint: x Ñ x

1`x is increasing on r0,8q.]

c. If µpXq ă 8, prove that ρpfnq Ñ 0 if and only if fn Ñ 0 in measure.

3. Use Lebesgue’s dominated convergence theorem to prove that

lim
nÑ8

ż n

0

1
?
x

ˆ

sinx

x

˙n

dx “ 0.

4. Let f : R Ñ R be defined by fpxq “ x´1{21p0,1qpxq. Let trnu be an enumeration of the rationals,
and let

gpxq “

8
ÿ

n“1

2´nfpx ´ rnq, x P R.

a. Let p ě 1. Prove that g P LppRq if and only if p P r1, 2q.

b. Prove that g is finite a.e., but it is unbounded on any interval pa, bq Ď R.



5. Let tfnu be a sequence of measurable functions on a probability space pX,A, µq. Suppose that

sup
n

ż

r0,8q

t2{3µptx P X : |fnpxq| ą tuqdt ă 8.

Prove that tfnu is uniformly integrable.

6. Let X be a vector space over R equipped with two non-equivalent norms.

a. Show that there is a sequence txnu in X that converges to 0 in one of the norms and is
unbounded in the other.

b. Prove that there exists a linear functional on X that is bounded with respect to one of the
norms and unbounded with respect to the other.

7. Let p P p1,8q and let T be a linear map from Lpr0, 1s to itself with the property that if tfnu

is a sequence in Lpr0, 1s that converges almost everywhere to some f in Lpr0, 1s, then tTfnu

converges almost everywhere to Tf . Prove that T is bounded.

8. Let p P p2,8q. For f P Lpr0, 1s, let ∥f∥p “

ˆ
ż 1

0
|fptq|pdt

˙1{p

.

a. Let a, b P R. Prove that ∣∣∣∣a ` b

2

∣∣∣∣p `

∣∣∣∣a ´ b

2

∣∣∣∣p ď
1

2
p|a|p ` |b|pq.

b. Let f, g P Lpr0, 1s. Prove that∥∥∥∥f ` g

2

∥∥∥∥p
p

`

∥∥∥∥f ´ g

2

∥∥∥∥p
p

ď
1

2
p∥f∥pp ` ∥g∥ppq.

c. Prove that if C is a non-empty closed convex subset of Lpr0, 1s, then there is a unique
f˚ P C such that

∥f˚∥p “ inf
fPC

∥f∥p .


